I. INTRODUCTION [55, 56] .
Until recently, almost all derivations of the potential energy functions of the six lowlying electronic states of Rg + 2 , be it from ab-initio calculations or from experimental data, have relied on a potential model introduced by Cohen and Schneider [57] and characterized by two separate spin-orbit-interaction matrices of the form presented in Table I , one for the three g and one for the three u states. This potential model relies on several assumptions and approximations (see Ref. [58] for a detailed discussion), the most important of which is the assumption that the spin-orbit-coupling constant a does not depend on the internuclear separation and equals a Rg + = 2A Rg + /3, where A Rg + represents the separation between the 2 P 1/2 and the 2 P 3/2 spin-orbit components of the ground state of Rg + . The sign of the spin-orbit-coupling constant a Rg + of Rg + is negative so that, strictly, 2A Rg + /3 = −a Rg + . The form of the spin-orbit-coupling matrix given in Table I assumes a positive value of a(R), which must therefore be interpreted as the absolute value of the spin-orbit-coupling constant. We adopt this convention here to be consistent with earlier work on the potential energy functions of the rare-gas dimer ions [15, 24, 28] .
In the case of Xe + 2 , we have recently calculated the R dependence of a and established that a varies by about 10 % over the range of internuclear separation for which experimental observations are available [56] . Beyond R = 2Å, the calculated spin-orbit-coupling functions a g,u (R) for the u and g states could be represented accurately by simple analytical functions, a Morse-type function for the u states and an exponentially decaying function for the g states (see Eqs. (5) and (6) below). The calculated functions a(R) were used to determine a new set of potential energy functions for the six low-lying electronic states of Xe + 2 in a least-squares fit to high-resolution photoelectron spectroscopic data. The calculation enabled us to quantify the effects of the R dependence of the spin-orbitcoupling constant and led to the conclusion that it needs to be taken into account when deriving potential energy functions using Table I if an absolute accuracy better than 100 cm −1 is desired.
We present here an extension of these calculations to the low-lying electronic states of Ar + 2 and Kr + 2 , two other homonuclear rare-gas dimer cations for which a significant spin-orbit interaction can be expected from the spin-orbit splitting A Rg + of the 2 P ground state of the atomic ion (A Ar + = 1431.5831 cm −1 [59] and A Kr + = 5370.294 cm −1 [60] ).
This work was carried out with the objectives of (i) determining the R dependence of the spin-orbit-coupling constants of the low electronic states of Ar + 2 and Kr + 2 , (ii) finding out whether the R dependence of the spin-orbit-coupling constant can be described by 3 analytical functions of the same type as in the case of Xe + 2 , (iii) quantifying possible effects of this R dependence on the potential energy functions, and (iv) deriving an improved set of potential energy functions for Ar + 2 and Kr + 2 using the calculated spin-orbit-coupling constants in a least-squares fit to available spectroscopic data.
The structure of the article is as follows: After a presentation of the model employed to determine the potential energy functions of the six low-lying electronic states in Section II, the computational methods used to calculate the R-dependent spin-orbit-coupling constant are recapitulated in Section III. The experimental data used to derive the potential energy functions of Ar + 2 and Kr + 2 are then summarized in Section IV. The results of the least-squares fit are presented in Sections V where they are compared with the experimental data.
II. POTENTIAL MODEL
The method used to determine the potential energy functions of the six low-lying electronic states of Ar + 2 and Kr + 2 relies on the treatment of the spin-orbit interaction by means of the Hamiltonian matrix given in Table I . The electronic energies of these states correspond to the eigenvalues of the matrix and are determined as functions of the internuclear distance R. The method is semi-empirical in nature: It relies on the determination of the R-dependent spin-orbit-coupling constants a(R) by computational methods as described in Section III and on model analytic functions for the potential energy functions V Σ and V Π , the parameters of which are determined in least-squares fits to experimental data. The treatment of the spin-orbit interaction corresponds to that introduced by Cohen and Schneider [57] , but is improved by the use of R-dependent spin-orbit-coupling functions.
Because the spin-orbit operator only couples states of the same g/u symmetry, two distinct 3 × 3 matrices are set up, one for the g states, the other for the u states. The spin-orbit interaction matrices are expressed in the basis set adequate for the short-range part of the potentials in which the quantum numbers Λ, Σ, and Ω = Λ + Σ corresponding to, respectively, the projection of the total orbital, total electron spin, and total electronic angular momenta onto the internuclear axis are good quantum numbers. Consequently, the electronic potential energies of the 2 Σ + 1/2 , 2 Π 1/2 and 2 Π 3/2 states appear as diagonal elements in the matrix displayed in Table I . The spin-orbit coupling operator is not only described by diagonal (first-order) contributions of ±a(R)/2 which induce a splitting of the 2 Π state into the two components 2 Π 1/2 and 2 Π 3/2 , but also by off-diagonal (secondorder) elements −a(R)/ √ 2 which couple states of the same value of Ω, namely the 2 Σ + 1/2 and 2 Π 1/2 states [57, 58] .
The potential energy functions of the 2 Σ + and 2 Π states under neglect of the spin-orbit interaction are expressed as [49] V
with Λ = Σ, Π. The first, second, and third terms on the right-hand side of Eq. (1) describe the repulsive interaction at short range, the chemical bonding at intermediate internuclear distances, and the dominant members of the Tang-Toennies long-range interaction series [61] , respectively. V diss is a constant used to relate the potential energies to the energy of the X 0 + g (v = 0) ground neutral state and is defined as
where D 0 (Rg 2 , X 0 + g ) represents the dissociation energy of the ground state neutral raregas dimer, E i (Rg, 2 P 3/2 ← 1 S 0 ) the first ionization energy of the neutral rare gas atom, and a Rg + = 2A Rg + /3.
After determining the potential energy functions V j (R) of the three u and the three g states as eigenvalues of the interaction matrix presented in Table I for a given set of parameters in Eq. (1), the calculated positions of the vibrational levels of the electronic state j are obtained by numerically solving the one-dimensional Schrödinger equation
corresponding to the vibrational motion of the isotopomer with reduced mass µ i in the potential V j (R) following the procedure described in Refs. [40, 49] . In Eq. (3) the indices i and v designate the isotopomer and the vibrational quantum number of the ion, respectively.
The optimal set of parameters determining the functions V Σu (R), V Πu (R), V Σg (R) and
V Πg (R) are derived by minimizing the deviations between calculated and experimental level positions in a least-squares-fit procedure. The majority of the potential parameters in Eq. (1) are known with sufficient accuracy from experiment or theory that they do not need to be optimized, as will be discussed further in Section V.
III. COMPUTATIONAL DETAILS
The computational methodology used to obtain the spin-orbit-coupling constant of the lowest-lying Σ and Π states of gerade and ungerade symmetry in Ar + 2 and Kr + 2 has already been applied to Xe + 2 as described in Ref. [56] . Consequently, only aspects specific to Ar + 2 and Kr + 2 are summarized here, and we refer to Ref. [56] for additional information. The spin-orbit coupling constant was obtained from ab initio data by exploiting the blockdiagonal form of the spin-orbit interaction matrix presented in Table I , which allows a calculation of a(R) at a specific internuclear distance R from
where E Π el (R) correspond to the electronic energies of the 2 Π states without consideration of the spin-orbit interaction and E Π 3/2 el (R) to the energies of the 2 Π 3/2 electronic states which are equivalent to the I(3/2u or g) states within the approximations implied by Table I .
Davidson-corrected multi-reference configuration interaction all-electron calculations
with singles and doubles excitations (MRCISD+Q) were performed employing the scalarrelativistic second-order Douglas-Kroll-Hess (DKH) Hamiltonian [62] in combination with the ANO-RCC basis sets of Roos et al. [63] . The basis sets were used in a fully de-contracted form, resulting in the overall sizes of (17s/12p/5d/4f/2g) in the case of Ar an effective mean-field Fock-operator [64] was employed for external configurations. All diagonal elements of the resulting spin-orbit matrix, however, were shifted in energy to correspond to the MRCISD+Q energies obtained with the complete de-contracted basis sets. The MRCI calculations were performed with the MOLPRO2002.6 program suite 6 [65] . The potential energy curves were determined for internuclear distances ranging from 3.5 to 14.0 a 0 in the case of Kr + 2 and 2.5 to 10.0 a 0 in the case of Ar + 2 (a 0 is the Bohr radius).
The R dependences of the spin-orbit coupling constants calculated for Ar + 2 , Kr + 2 are depicted in Fig.1 where they are compared with the results obtained previously for Xe + 2 [56] and with the experimental values of the asymptotic spin-orbit-coupling constants a calculated from a Rg + = 2 3 A Rg + , where A denotes the energy splitting between the 2 P 1/2 and 2 P 3/2 states of the corresponding rare-gas atomic ion. As already noticed in the case of Xe + 2 , the R-dependent spin-orbit-coupling functions of the g and u states follow a different pattern at short internuclear distances: a u (R) drops significantly below the asymptotic value whereas a g (R) becomes significantly larger than 2 3 A Rg + . In the vicinity of the dissociation limit of Ar + 2 (i.e., for R → ∞), the theoretical value of a agrees with the experimental value within better than 3 cm −1 , which represents a deviation of only 0.3% (see top panel of Fig. 1 ). In the case of Kr + 2 (middle panel of Fig. 1 ), the MRCISD+Q spin-orbit calculations predict the asymptotic value of a to be approximately 100 cm −1 (i.e., about 2.8%) less than the experimental value. The deviation between calculated and experimental values of the asymptotic spin-orbit couling constant is largest in the case of Xe + 2 (bottom panel of Fig. 1 ), the calculations overestimating it by about 500 cm −1 , or almost 7% [56] .
The decrease of the accuracy of the calculations of the spin-orbit-coupling functions from Ar + 2 to Xe + 2 that is betrayed by the increasing deviation between computed and experimental asymptotic values has two main causes: The first is related to the decreasing quality of the electron-correlation treatment in the MRCISD+Q calculations. In the MRCISD+Q calculation on Ar + 2 , no frozen-core approximation was needed, because all electrons could be explicitly included in the electron-correlation procedure, which resulted in accurate unperturbed wave functions for the subsequent spin-orbit calculation. In contrast, the MRCISD+Q calculations on the heavier dimer ions had to be performed with a predefined frozen core of 36 and 72 (non-correlated) electrons in the case of Kr + 2 (total number of electrons: 71) and Xe + 2 (total number of electrons: 107, see Ref. [56] ), respectively. The resulting unperturbed wave functions are therefore less accurate than in the case of Ar + 2 . The second cause is the increasing magnitude of the spin-orbit interaction combined with the fact that the interaction is treated as a first-order perturbation in the subsequent state-interaction approach. This combination inevitably results in a loss of accuracy.
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The derivation of the potential energy functions by the least-squares fit procedure described in Section II requires the matrix elements of Table I to be expressed in analytical form. In the range of internuclear distances relevant to the experimental observations, the spin-orbit-coupling constant a g and a u of the gerade and ungerade states can be almost perfectly described by the expressions
respectively, in which a Rg + = 2 3 A Rg + represents the asymptotic value (Rg=Ar, Kr). Eq. (5) is a Morse-type function and Eq. (6) falls exponentially with increasing R value. In order to derive as accurate spin-orbit-coupling functions as possible from the ab-initio calculations, the following two-step procedure was followed: First, the computed constants were scaled linearly so that the asymptotic value exactly matched the experimental value determined by atomic spectroscopy, i.e., a(R → ∞) = 2A Rg + /3,
Then, the parameters a u,i and a g,i (i = 0, 1, 2) were determined from the scaled ab-initio data in a least-squares-fit procedure. The optimal parameters a u,i and a g,i (i = 0, 1, 2) are listed in Table II where they are compared with the values determined for Xe + 2 in Ref. [56] . This two-step procedure is illustrated in Figs. 2 and 3 for Ar + 2 and Kr + 2 , respectively, where the open circles and squares represent the values calculated ab initio, the full circles and squares the scaled spin-orbit coupling constants with correct asymptotic value, and the full lines the results of least-squares fits based on Eqs. (5) and (6).
The spin-orbit-coupling functions presented in Table II and Figs. 2 and 3 represent the main results of the computational part of this article. The fact that Eqs. (5) and (6) perfectly describe the shape of the calculated spin-orbit-coupling functions of all three dimer ions makes us confident that these functions are well suited to describe the R dependence of the spin-orbit-coupling constants in these molecules and related molecular systems such as Y − 2 (Y=F, Cl, Br, and I). Because of the semi-empirical nature of the scaling procedure, we further expect these functions to describe the R dependence of a g and a u sufficiently accurately that they can be held fixed when deriving the potential energy functions from experimental data using the matrix presented in Table I .
IV. EXPERIMENTAL DATA
The experimental data used to derive the potential energy functions of the six lowlying electronic states of Ar + 2 and Kr + 2 stem from studies of the pulsed-field-ionization zero-kinetic-energy (PFI-ZEKE) photoelectron spectra of Ar 2 [39, 40, 45, 46] and Kr 2 [43, 44, 52] . Details concerning the measurement procedure, the assignment of the spectra, and the estimation of the experimental uncertainties in the spectral positions have been given in the original publications.
In the case of Ar + 2 , the data set consists of the positions of the I(1/2u, v + = 3, 5-10, 12-50), I(3/2u, v + = 0) and II(1/2u, v + = 0 − 2) levels of 40 Ar + 2 and the I(1/2u, v + = 20, 21) levels of 36 Ar + 2 measured by single-photon PFI-ZEKE photoelectron spectroscopy [39, 40] , and of the I
all measured with rotational resolution by (1+1 ) resonance-enhanced two-photon excitation via selected rovibrational levels of the 0 + u level of Ar 2 located below the Ar 4s[1/2] 1 + Ar 1 S 0 dissociation threshold [45, 46] . These data were summarized in Ref. [49] and employed to extract potential energy functions of the six low-lying electronic states of Ar + 2 in a global fit based on the assumption of an R-independent spin-orbit-coupling constant.
In the case of Kr Tables VII-XI for Ar +  2 and Tables XII-XIV for Kr +  2 , where they are compared with the positions calculated from the potential energy functions determined in this work, as explained in the next section.
The experimental data set just described contains information on all low-lying electronic states of Ar + 2 and Kr + 2 except the II(1/2g) state of Ar + 2 and the I(1/2g) and II(1/2g) states of Kr + 2 . These three states are very weakly bound and attempts at observing their (ro)vibrational energy level structure have remained unsuccessful so far. Because the spin-orbit-coupling matrix (Table I) One of the major advantages of the procedure described in Section II to determine the potential energy functions of the low-lying electronic states of the rare-gas-dimer ions from experimental data, next to the fact that it includes the R dependence of the spin-orbitcoupling constant, is the small number of potential parameters that need to be optimized.
The three coupled potential functions can be obtained by adjusting only eight parameters (the coefficients A Λ , B Λ , b Λ and β Λ for Λ = Σ and Π) for the u states, and seven for the g states. Indeed, the second term in Eq. (1), which describes the chemical bond, can be neglected for the 2 Σ + g state (B Σg = 0) because it is only very weakly bound. Rather than optimizing the parameters A Λ and B Λ , it turned out to be advantageous to optimize the equilibrium distance R e and the dissociation energy D e with which A Λ and B Λ can be calculated using the conditions by (see Appendix A of Ref. [49] )
and
The coefficients C 2n,Λ of the Tang-Toennies long-range expansion series [61] were taken from Refs. [52, 66, 67] . [60] , E i (Ar, 2 P 3/2 )/hc = 127109.842 cm −1 [68] , E i (Kr, 2 P 3/2 )/hc = 112914.434 cm −1 [69] , [70, 71] . The dissociation energies of the neutral Ar 2 dimers were calculated by solving the radial Schrödinger equation for the ground electronic state with the interaction potential reported by Tang and Toennies [61] using the same procedure as described in Ref. [72] for Ne 2 .
Weighted least-squares fits of the potential parameters were carried out separately for the u and g states. The quality of the fits was assessed from the normalized root-meansquare deviation (rms value of the fit), which is given by χ 2 /n, where n = N − P represents the number of degrees of freedom, i.e., the difference between the number of experimental data points N and the number of adjustable parameters P , and
The value of the experimental uncertainties are listed with the level positions in the tables of the appendix, which also compare the positions of the vibrational levels of Ar + 2 and Kr + 2 with those calculated from the potential energy functions.
The results of the least-squares fits for Ar + 2 and Kr + 2 are presented in the next two subsections and serve as basis for the discussion of the effects of the R dependence of the spin-orbit-coupling constant on the potential functions and energy levels of Ar + 2 and Kr + 2 .
A. Ar + 2 A total of 69 (26) experimental level positions were used in the fit of the u (g) states of Ar + 2 , 52 (16) for 40 Ar + 2 and 17 (10) for 36 Ar + 2 , as described in Section IV (see also Tables VII -XI in the Appendix). The results of the fits are summarized in Table III which contains the numerical values of all parameters needed to compute the potential energy functions of the six low-lying electronic states of Ar + 2 using Eq. (1) and Table I , including the parameters that were kept constant in the fitting procedure.
The rms value of the fits of the u and g states are both slightly less than 1, which indicates that the potential energy functions describe the experimental data well. Table III also contains the dissociation energy and the equilibrium internuclear distances of the fictive 2 Σ + and 2 Π states. As expected from earlier work and also from simple considerations based on linear combinations of the atomic p valence orbitals, only the 2 Σ + u state is strongly bound, and the 2 Σ + g state is repulsive at short range. The equilibrium internuclear separations and dissociation energies of the six low-lying states of Ar + 2 are given in Table IV where they are compared with the results of selected high-level ab-initio calculations [24, 29] (both relying on the assumption of an R-independent spin-orbit couling constant a = a Ar + ).
They are also compared with the values obtained in Ref. [49] which relied on the same experimental data set and the same procedure as the present work, except that the spin-orbit-coupling constant was assumed to be independent of R. The similarity of the results obtained from these two fits suggests that the effects of the R dependence of a are weak. Indeed, inspection of the potential energy functions derived from both fits and displayed in Figs. 4 and 5 only reveals significant deviations at short internuclear distances, where the potential energy functions are not constrained by the experimental observations. However, the comparison does not enable one to precisely quantify the effects of the R dependence on the potential functions because these effects are likely to be compensated by other fit parameters.
To quantify the consequences of approximating the spin-orbit-coupling constant to the atomic value a Ar + , two sets of calculations were performed relying on the same potential energy functions V Σ (R) and V Π (R), as given in Table III, Table I . The value of the spin-orbit-coupling functions a u (R) is less than a Ar + so that the splitting between the two components of the Π u state is slightly reduced. This effect raises (lowers) the potential energy of the I(3/2u) (II(1/2u)) state in the calculations performed with the R-dependent spin-orbit-coupling constant. The very small shift of the I(1/2u) potential energy curves is caused by the off-diagonal (secondorder) spin-orbit-coupling matrix elements in Table I and can be explained by the fact that the spin-orbit-coupling constant is much smaller than the difference between the Σ + u and Π u potential functions in the range of R values where a u (R) significantly deviates from the asymptotic value a Ar + . The difference of the binding energies of the Σ + u and Π u states in the vicinity of the potential minima is indeed more than 10 times larger than the spin-orbit-coupling constant.
Similar conclusions apply to the gerade states of Ar + 2 if one takes into account the different energetic ordering of the Π and Σ states ( 2 Σ + g lies above 2 Π g ), the smaller difference in the binding energies of these to states (see Table III ), and the fact that a g (R)
is larger than a Ar + (see Figure 2 ). Consequently, the I(3/2g) [II(1/2g)] curve calculated with a g (R) lies below [above] that calculated with a Ar + . The two Ω = 1/2 states are more strongly mixed, so that the shifts of the I(3/2g) and II(1/2g) states are less symmetric than is the case for the I(3/2u) and II(1/2u) states.
B. Kr + 2
A total of 91 experimental level positions were used in the fit of the ungerade states of Kr + 2 , 72 for 84 Kr + 2 and 19 for 86 Kr 84 Kr + , as described in Section IV (see also Tables XII-XIV in the appendix). The high-resolution photoelectron-spectroscopic data on the gerade states are limited to the I(3/2g) state and are insufficient for a global treatment of these states based on the spin-orbit interaction matrix presented in Table I . This subsection thus focuses on the least-squares fit of the ungerade states I(1/2u), I(3/2u), and II(1/2u).
The same experimental data set was used in the derivation of the potential energy curves of these states under the assumption of an R-independent spin-orbit-coupling constant [52] .
The optimal fit parameters are listed in Table V . Only eight of these were varied in the fitting procedure, as explained in Section II, the remaining ones being kept at the literature values indicated in the table. The rms value of the fit was 1.2, about half the rms value of 2.2 obtained in the analysis based on the assumption of an R-independent spin-orbit-coupling constant [52] . The dissociation energies of the fictive 2 Σ + u and 2 Π u states (10922.5 cm −1 and 392 cm −1 , respectively) are similar to the values found for Ar + 2 , as expected.
The potential energy functions of the three low-lying u states of Kr + 2 are displayed in Fig. 7 . Their dissociation energies and equilibrium internuclear distances are compared with the results of earlier investigations in Table VI . Comparing the present results with those obtained assuming an R-independent spin-orbit-coupling constant in Ref. [52] leads to the conclusion that the main discrepancy affects the II(1/2u) state for which a systematic trend in the residuals from +7.6 cm −1 at v = 0 to −5.7 cm −1 at v = 8 was noted in Ref. [52] (see Table 3 of this reference). The present analysis is free of this trend and yields a dissociation energy of 1099.8 cm −1 for the II(1/2u) state, in better agreement with the value of 1099.9 ±2.1 cm −1 determined experimentally in Ref. [43] .
This observation, combined with the improved rms value, indicates that the consideration of the R dependence of a leads to potential curves of higher accuracy, particularly for the II(1/2u) state.
To quantify the effects of the assumption of an R-independent spin-orbit-coupling constant used in previous work on the low-lying electronic states of Kr + 2 , the same procedure was used as described in the previous subsection for Ar + 2 . The results are presented in Fig. 8 , which displays, on the left-hand side, the two sets of curves calculated with the same potential functions V Σ and V Π (with parameters as given in Table V) The overall trends of the differences are similar to those observed for Ar + 2 in Fig. 6 , but the deviations are 4-5 times larger. While in the case of Ar + 2 the deviations of less than 5 cm −1 are of the same order of magnitude as the experimental uncertainties, they are larger in the case of Kr + 2 , which makes the effects of the R-dependence of a detectable. Over the range of R values for which experimental data are available (indicated by the dashed horizontal lines in Fig. 8 for the I(1/2u) state, 2 to 20 cm −1 for the I(3/2u) state, and 5 to 60 cm −1 for the II(1/2u) state. The particularly large deviations predicted for the II(1/2u) state nicely explain why the consideration of the R dependence of the spin-orbit-coupling constant is necessary to satisfactorily account for the experimental data obtained for this state.
The larger effects of the R dependence of the spin-orbit couling constant in Kr + 2 compared to Ar + 2 result from three simultaneous effects: (i) The absolute value of the spinorbit-coupling constant increases from ≈ 950 cm −1 in Ar + 2 to ≈ 3500 cm −1 in Kr + 2 while (ii) the difference in binding energies of the Σ and Π states is roughly the same for both ions (i.e., about 10000 cm −1 ), and (iii) the absolute value of the deviations between a(R) and a Rg + are three times larger in Kr + 2 (up to 300 cm −1 ) than in Ar (up to 100 cm −1 ). Effect (iii) directly influences the potential energies of the I(3/2u), and II(1/2u), I(3/2g), and I(I/2g) states via the diagonal (first-order) elements of the spin-orbit-coupling matrix, and the combination of (i) and (ii) leads to a larger mixing of the two Ω = 1/2 states induced by the off-diagonal elements of the spin-orbit-coupling matrix in the case of Kr + 2 than in the case of Ar + 2 . The mixing of the Ω = 1/2 levels and the effects of the R dependence of the spin-orbit-coupling constant are expected to be even larger on the gerade states of Kr + 2 because the difference in binding energies of the 2 Π g and 2 Σ + g states is smaller in the range of internuclear distances where a g (R) strongly deviates from a Kr + .
The R dependence of a g is thus expected to result in a destabilization of II(1/2g) state and may be the main reason why this state, and also the II(1/2g) of Xe + 2 , have not been observed yet in high-resolution photoelectron spectroscopic experiments.
VI. CONCLUSIONS
The spin-orbit interaction strongly influences the structural and spectral properties of the homonuclear rare-gas dimer ions (Rg + 2 , Rg=Ne, Ar, Kr, Xe). Until recently, the spin-orbit-coupling constants used in the derivation of the potential energy functions of the six low-lying electronic states of these molecular ions were assumed to be independent of the internuclear separation and equal to their "atomic" value a Rg + . Together with our previous investigation of the potential energy functions of Xe + 2 , the investigation of the potential energy functions of the low-lying electronic states of Ar + 2 and Kr + 2 presented in this article provides a quantification of the R dependence of the spin-orbit constant in these systems and a systematic examination of the consequences associated with its neglect.
The spin-orbit-coupling constant maximally deviates from the atomic value by up to about 10%, and the deviations have opposite signs for the electronic states of gerade and ungerade symmetry. The R dependences can be accurately represented by analytical functions, a Morse-type function for the ungerade states and an exponentially decaying function for the gerade states. The effects of the R dependence on the potential energy functions are almost entirely negligible for Ar + 2 (and by inference also for Ne + 2 ). They manifest themselves as shifts of the potential energy functions and spin-rovibronic energy levels of at most a few cm −1 and are expected to only be observable in very highresolution spectroscopic measurements. In Kr + 2 and Xe + 2 , the R dependence leads to more pronounced effects and needs to be considered in the analysis of high-resolution photoelectron spectra and in the description of the potential energy functions of the low-lying electronic states.
The increasingly important impact of the R dependence of the spin-orbit-coupling constant on the properties of the ungerade states from Ne + 2 to Xe + 2 can be explained by the fact that the difference in binding energies between the 2 Π u and 2 Σ + u states that are coupled by the spin-orbit interaction slowly decreases, from about 12000 cm −1 in Ne + 2 [29] to about 9000 cm −1 in Xe + 2 [56] whereas the atomic spin-orbit-coupling constant rapidly increases from about 520.282 cm −1 in Ne + 2 [59] to 7024.617 cm −1 in Xe + 2 [73] . The effects of the spin-orbit interaction on the 2 Σ + u state originate from the off-diagonal element of the spin-orbit interaction matrix, which couples it to the upper 2 Π u component of the 2 Π states. Because the 2 Σ + u state lies below the 2 Π u state, the interaction shifts the potential energy function of the former state towards lower energies and that of the latter towards higher energies. The R-dependent spin-orbit-coupling constants of the u states are reduced compared to the atomic value, so that assuming the spin-orbit constant to be independent of R leads to an overestimation of the potential energies. The range of internuclear distances where the spin-orbit-coupling constant significantly deviates from the atomic value corresponds closely to the region where the 2 Σ + u state is strongly bound. In this region, the mixing between the 2 Σ + u and the 2 Π 1/2u states is very weak in Ne + 2 and Ar + 2 , because the spin-orbit constant is too small to induce a significant mixing between these two states. The effect of the R dependence of a u is thus negligible in these two molecular ions. In Kr + 2 and Xe + 2 the spin-orbit-coupling constant is larger, and the level shifts resulting from the R dependence of the spin-orbit-coupling constant (or its neglect) are on the order of about 20 cm −1 for the I(1/2u) state of Kr + 2 (see Fig. 6 ) and 50 cm −1 for the I(1/2u) state of Xe + 2 (see Fig. 7d of Ref. [56] ) and thus easily observable spectroscopically.
The effects of the R dependence of the spin-orbit-coupling constant on the I(3/2u) state originates from the diagonal (first-order) contribution (−a(R)/2) of the Hamiltonian. The potential energy shifts resulting from the R dependence of the spin-orbit-coupling constant (or its neglect) thus closely track the value |(a(R) − a Rg + )|/2. These shifts are in general much larger than the shifts arising from the off-diagonal coupling.
The effects of the R dependence of the spin-orbit-coupling constant of the II(1/2u) state are an additive combination of the two effects described above for the I(1/2u) and I(3/2u) states. They are thus largest for this state although strongly dominated by the diagonal contribution of the spin-orbit-coupling matrix. Consequently, the potential energy shifts of the I(3/2u) and II(1/2u) states resulting from a neglect of the R dependence of the spin-orbit constant are of similar magnitude but of opposite signs (see upper two panels on the right-hand side of Figs. 6 and 8 and of Fig. 7 of Ref. [52] ).
The effect of the R dependence of the spin-orbit-coupling constant on the gerade electronic states can be described by the same arguments, taking into account the facts that (i) the function a(R) is larger than a Rg + , (ii) the 2 Σ + g state is less strongly bound than the 2 Π g state, and (iii) the diagonal contribution of the spin-orbit component shifts the upper spin-orbit component of the 2 Π g state toward the 2 Σ + g state. While the effects of the R dependence of the spin-orbit-coupling constants are still almost negligible in Ne + 2 and Ar + 2 for the same reasons as for the ungerade states, the shifts resulting from the R dependence (or its neglect) are expected to be of opposite signs, and the shifts arising from the off-diagonal contribution to be more pronounced, than for the ungerade states.
The experimental data available on the I(1/2g) and II(1/2g) states of Ar + 2 and Kr + 2 are still very incomplete as a result of the repulsive nature of these states at short internuclear distances. In future, one may be able to obtain information on the repulsive part of the potential energy functions of these states by imaging techniques, as was recently demonstrated for Xe + 2 in Ref. [8] . Tables and figures   TABLE I : Spin-orbit interaction matrix in Hund's case (a) basis describing the coupling between the states of 2 Σ + and 2 Π symmetry in the homonuclear rare-gas dimer ions. distances mark the position of asymptotic value of the spin-orbit-coupling constants determined by atomic spectroscopy which have been taken from Refs. [59, 75] (Ar + ), [60, 76] (Kr + ) and [77] (Xe + ) 
